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Question 1

Suppose that Mark has tastes described by the following utility function
12
u(zy, ) = xixd

Let’s think of Good 1 as wine and of Good 2 as a composite good.

A composite good is just an abstraction we use in economics to represent all other goods that are relevant to
the consumer besides the one in question (in this case wine).

Notice that we measure the quantity of a composite good in dollars (for example, if we say that a consumer
spends $500 in all other goods we mean that he has bought an amount of ”all other goods” for a value of
$500).

Since we measure the amount of a composite good in dollars, its price is always equal to $1.

Further, assume that the price of wine is $1 per litre, and Mark’s income is $12. So, summing up we have:

p1 = $1,p2 =81 and I = $12.

Given the above utility function, you can check that the expression of the marginal utility of good 1 reads

2 2
1m7§$§
1 2

3
and the expression of the marginal utility of good 2 reads
1
T Ty

Find Marks demand functions for wine and other goods.
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Answer to 1.a

Then marginal utilities of a function

u(xy, o) = xi/?’:c;/g

are

Ou(wy,x2) 3x1/3x;/3 ou(ry,x2) 8xi/3x;/3
Bxl B 8961 (9:1;‘2 N 8%2
1 2 _
_ gﬂ?l 2/3$;/3 _ gmi/g,x2 1/3

It follows directly from the rules of differentiation, e.g.

d 0 2 _

—(ca™) = nex™ (mi/s .Z‘;/g) = = xi/?’ Zq /s

dx 0 T2 o~~~ 3 N~ =~
~~ ¢ T ~ ¢ gn—1

where ¢,n € R, i.e. just numbers z "

where z1, which otherwise is a variable, is treated as a number

and d is replaced with 0 just to remind us about it
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Generally recall

Rules of differentiations:

d
£(6)20
%(cx) =c

—(ca™) = nex™”

dx

d
— (1™ 4 coz™?) = nix

dx

where ¢, n,c1,n1,c2,n3 € R, ie. jus

1

n1—1

t numbers

+ nocgr™ !

Examples:

d
e

41
dzr 3JC

d -
(2 =2
d ., 3 2
d—(:z: —3z)=3z"—=x
x

0
1
3

where in the first line ¢ = 4, in the second ¢

= %7 in the third

c=2,n= % and in the last ¢c; = 1,n1 =3,c0 = —3,no =1

Derivative is a function itself (usually designated as f'(z)), which at times degenerates into a constant. Also, graphically

in two dimensions a derivative is a slope, which is a line that characterizes an increase in the function’s value in a small

neighborhood of a function’s domain.
5 4 !/
f(@), f'(x) — flx) =4

F N PO flz)=0

3 £+

2 1

1 £+
- - - - :I; il
1 2 3 4

If function is 4 its slope is 0

If function is 222 its s

3 s

lope is z~'/?

' (), /()

0.8 1

0.6 1

0.4 |

0.2 |

0.2 04 06

If function is %m its slope is

0.8 1

1

3

—20 +

—40 |

If function is ® — 3z its slope is 322 — &
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An optimal bundle

20 4

Q u(zy, o)

®P1$1 +pawe =1}

15 . —u(x1,22) = 6.34
20|
10 =
Tl
&
< | N 20
O -
0
. . . , 15 m2:¢:g
‘ ‘ ‘ ! 200
5 10 15 20 Tlwine
Clearly an optimal bundle is characterized by
MRS(wy,25) = 22
p2
where the indifference curve is tangent to the budget line.
Then an optimal bundle for the function
w(zy,x2) = xi/sx;/g
and parameters
pr=p2=1
becomes
MRS(x1,20) = — 22
P2
COu(zy,@0) /021 1
ou(xy, ) /0xy 1
%xl_%m;/s 1
Sofar” 1
%x;/3x3/3 1
2, 1
gala 1
32 xi/s'mi/s 1
_ x;/3+2/3 1
1/34+2/3 -7
29:1/3 /2 1
) - 1
2z 1
L2y
2(]'}1
23?1 = T2

Whereas MRS contains information on value of 21 normalized by value of x5, this equation contains information on optimal

ratio of products after accounting for the prices (a good might give massive increase in utility but it might be too expensive,

thus, an optimal bundle corrects those already normalized values of goods for the prices). Ratio makes good sense considering

that the function has a product (rather then sum) of good. Thus, a positive amount of both needs to be consumed (zero in

one of good results in zero utility regardless of the amount of the other), also if 1 = x5 then m;

/s gives higher utility then
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1/3
Xy,

to have no effect.

A demand function

thus x5 has to be consumed in twice higher amounts (because z*/* = (2'/*)?). Finally, note that prices picked in way

The demand function is a way to relate an optimal bundle to different values of prices and incomes, i.e

xl(plaPQaI)

x2(p1,p2, 1)

To solve for the demand function we need to combine an optimal bundle

with a budget line

MRS(z1,22) = —Z—;
p1xT1 +Dpaxe =1
Then demand functions for the utility function
_ Y8 s
u(zy,x2) = ] x4
parameters
p1=p2=
1=12
and just found
T2
MRS (x4, =——=
(xl x2) 2:171
becomes
= P - __1
MRS == [ g =-)
P1x1 + paxo =1 ley + 1z =12
O T
r1+ax9 =12
T2 = 21‘1
=
r1+ax9 =12
T2 = 2%1
=
T+ 2581 =12
Ty = 2331
=
I =
Tro = 8
=
T =

Note that even though a general procedure is demonstrated demand functions are very easy to see just be trying different

number.

We know that an optimal bundle has twice more of x5 then x1, and we know that we need to spend $12.
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Assume x1 = 2 then x5 = 4, total is 6.
Assume x1 = 3 then x5 = 6, total is 9.

Assume z1 = 4 then x5 = 8, total is 12. Bingo!
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Question 1

Suppose that Mark has tastes described by the following utility function

L2
u(zy,x2) = 7w

e Let’s think of Good 1 as wine and of Good 2 as a composite good.

e A composite good is just an abstraction we use in economics to represent all other goods that are relevant to
the consumer besides the one in question (in this case wine).

e Notice that we measure the quantity of a composite good in dollars (for example, if we say that a consumer
spends $500 in all other goods we mean that he has bought an amount of ”all other goods” for a value of
$500).

e Since we measure the amount of a composite good in dollars, its price is always equal to $1.

e Further, assume that the price of wine is $1 per litre, and Mark’s income is $12. So, summing up we have:
p1 = $1,py = $1 and I = $12.

1.b
e Suppose that the government introduces a 25% tax on income.

e Find the optimal bundle before and after the introduction of the tax.

Answer to 1.b

To solve for the demand function we need to combine an optimal bundle with a budget line

MRS(.Tl,l'Q) =

D2
P1T1 + P2y =1

Then demand functions after tax with the utility function

u(xy, x2) = :ci/:;x;/g

parameters
pr=p2=1
I=075%12=9

where only %75 of income is preserved, and

MRS(SL‘l,.IQ) = —;721

*2:6721 :7% = T2 :2$1 = i) :6
1l + 1y =9 x1+1lrg =9 Ty =3

is

Again, it is fairly straightforward to see that only 1 = 3 and x5 = 6 satisfy two conditions that x5 has to be twice higher

then z; and total expenses should be equal to 9
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Question 1

Suppose that Mark has tastes described by the following utility function

L2
u(zy,x2) = i w3

e Let’s think of Good 1 as wine and of Good 2 as a composite good.

e A composite good is just an abstraction we use in economics to represent all other goods that are relevant to
the consumer besides the one in question (in this case wine).

e Notice that we measure the quantity of a composite good in dollars (for example, if we say that a consumer
spends $500 in all other goods we mean that he has bought an amount of ”all other goods” for a value of
$500).

e Since we measure the amount of a composite good in dollars, its price is always equal to $1.

e Further, assume that the price of wine is $1 per litre, and Mark’s income is $12. So, summing up we have:
p1 = $1,py = $1 and I = $12.

1l.c
Produce two graphs.
e In one graph, represent:
— Mark’s choice set before and after the tax;
— Mark’s indifference curves;
— Mark’s optimal bundle before and after the tax.
e In the other graph, plot:
— Mark’s demand curve for wine;

— and show how Mark’s consumption of wine changes with the tax.

Answer to 1.c
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20 4
Tog [ 2o = 12 2, Q u(@y, z2) !
....... x2=91—x1 P11 +pexe =I(1 1)
15 1 - .’,C2:16( /\/wT) : pla',‘]_ +p2{L‘2:I
— x5 = 10.39(Y//77) 20 —  u(zy,20) =6.34
u(zy,x2) = 4.76 il
101\ 5
, %10
&
| S 20
0 -
0
15 TL2:cg
L1:wine 20 0
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To plot the demand curve x1(p1, pa, I;t) we need to find a general form for it

{

MRS(I’l,ZL'Q) = % N
=I1(1-1)

P1T1 + P22

T2

— _P

2z - p2

T2

4

P1T1 + P22

Tap2
P11 + P2xa

4

211

T2

4

P1T1 + P22

4
&

=
sy
+
s}
I\

4
S

X2

4

p1T1 + 2p177

T2

4

3p1£L'

€2

4

T1

T2

4

L1

T2

4

1

1

— —— —— —— " —— " "
k)
=
8
+

— b1
T op2
—I(1-1)
=2p111
—I(1-1)
= 213%1'1
=I(1—1)
= %]]1
%xl = I(]. — t)
— 21y,
p{%x =1(1-1)
_ 2p
— T;xl
= I(1—1t)
— 2;
- P21 T
—I(1-1)
Zp g
D2
_ I(1-t)
3p1
2p I(1—1)
3
_ s
3p1
27(1—t)
3p2
I(1-t)
3p1

P11 +pexe = 1(1—1)

) 100 4
T1wine(P1, D2, I; 1) _12(1—(%/100)) Trwine (P12, 1) —x = é
- 3
80
60 |
40
20 |
t w w w ‘ L
20 40 60 80 100 120 20406080 100
Evaluating the demand function at z1(p1, p2, I;t) allows to  valuating demand function a z1(p1,p2, 13t) (L.1.1:0) allows to
(1,1,12;t) e

plot it as a function of ¢

plot it as a function of I
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Question 1 Checklist

Suppose that Mark has tastes described by the following utility function
1 2
u(wy, x2) = i

e Let’s think of Good 1 as wine and of Good 2 as a composite good.

e A composite good is just an abstraction we use in economics to represent all other goods that are relevant to
the consumer besides the one in question (in this case wine).

e Notice that we measure the quantity of a composite good in dollars (for example, if we say that a consumer
spends $500 in all other goods we mean that he has bought an amount of ”all other goods” for a value of
$500).

e Since we measure the amount of a composite good in dollars, its price is always equal to $1.

e Further, assume that the price of wine is $1 per litre, and Mark’s income is $12. So, summing up we have:

p1 =$1,p2 = $1 and I = $12.

e Given the above utility function, you can check that the expression of the marginal utility of good 1 reads

e Find Marks demand functions for wine and other goods.
1.b
e Suppose that the government introduces a 25% tax on income.
e Find the optimal bundle before and after the introduction of the tax.
1l.c
Produce two graphs.
e In one graph, represent:
— Mark’s choice set before and after the tax;
— Mark’s indifference curves;
— Mark’s optimal bundle before and after the tax.
e In the other graph, plot:
— Mark’s demand curve for wine;

— and show how Mark’s consumption of wine changes with the tax.

12



Sergey Alexeev 23567 Tutorial 4

Question 2

e Family A and family B have to decide how much of their monthly income to spend on rice and how much on
other goods.
e Let us measure the quantity of other goods in dollar and hence set the price of “other goods” equal to $1.
e Both families face the same economic circumstances.
— They both have a monthly income of $600 and face same price of rice of $6 per kilogram.
— Furthermore, both families live in the same country where the government has introduced a cap on the
amount of rice that can be purchased monthly.
— In particular, each family is allowed to buy a maximum of 40 kg of rice per month.
e In what follows let z; denote the quantity of rice and x5 the quantity of other goods.

e Assume that the tastes of family A are described by utility function
ua(T1,22) = T1T2
e Where the tastes of family B are described by utility function

ug(xy,x2) = xi/‘lx;/‘l

e Provide a graphical representation of the choice set of family A and family B.

e Place x1 on the horizontal axis and x9 on the vertical.

Answer to 2.a

Budget set
6x1 +2x2 <600 o <600 — 62,
=
T S 40 X1 S 40
A
600 {. 299 [ 21 < 40 and 2 < 600 — 611 |-~ w2 < 600 — 611
9 < 600 — 62, 10° & 2, <40 and 5 < 600 — 621 []
L f

400 |
200 |

’ ~. Tl:rice

100 0 T2:0g

20 40 60 80 100 120

T1:rice

13
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Question 2

e Family A and family B have to decide how much of their monthly income to spend on rice and how much on

other goods.

e Let us measure the quantity of other goods in dollar and hence set the price of “other goods” equal to $1.

e Both families face the same economic circumstances.
— They both have a monthly income of $600 and face same price of rice of $6 per kilogram.
— Furthermore, both families live in the same country where the government has introduced a cap on the

amount of rice that can be purchased monthly.

— In particular, each family is allowed to buy a maximum of 40 kg of rice per month.

e In what follows let z; denote the quantity of rice and x5 the quantity of other goods.

e Assume that the tastes of family A are described by utility function
ua(@1,22) = 122
e Where the tastes of family B are described by utility function

up(z1, ) = ar:i/‘lzzzz/4

2.b
e Given the utility function of family A, we have that for family A marginal utilities read:
MU1 = T2
and
MU2 =T

e Find the optimal bundle chosen by family A.

e Show the optimal bundle on the graph above together with the indifference curve to which it belongs.

Answer to 2.b

Marginal utilities of a function

ua(z, 22) = 2122

are

Ou(x1,w2)  Ox120 ou(xy,x2)  Ox12
(91‘1 a 8561 8352 B 81‘2
= T2 =T

It follows directly from the rules of differentiation, e.g.

d 0

%(cx) =c

where ¢,n € R, i.e. just numbers z

5 (21 20)= a1
T2 N~~~ ~~
~—~

C x c

where x1, which otherwise is a variable, is treated as a number

and d is replaced with 0 just to remind us about it

14
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Note that

has multiplicative nature, thus, z; = 0 or x5 = 0 (boundary solutions) is never an optimal bundle

The demand functions are characterized by

with parameters

demand functions are

UA(Il, Iz) = T1T2

MRS(J:l,J;Q)

P11 + P22

MRS(,’El, 3?2)
P11 + paxo

p1 =6
p2=1

I =600

— _P1
P2

=1

4

4

4

4

4

4

4

4

=

{
{
{
{
{
{
{
{
{

_ Ou(zq,x2)/0x1
Ou(z1,z2)/0x2

P1T1 + Ppaa =1
_Z2 - _6
X1 1
6561 + 1932 = 600
T2 -6

z1

6x1 +x9 =600
T = 6171
6x1 +2x9 =600

X9 = 6.1‘1
6x1 + 621 = 600

X9 = 6.131
1227 =600
X9 = 6.’171
xr, = 50

9 =6x50
xr, = 50

zo =300
X1 = 50

Note that the function is increasing in both z; and zy with equal speed (see marginal utilities). However, after adjusting

for prices which have s six times cheaper z1, it is optimal to have x5 six times higher then z;.

15
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! A
600 }. 27 Y2y < 40 and 2 < 600 — 62 & u(z22)
S T2 < 600 — 627 10° _— u(xy, ) = 15000 7
B R To = 15000/11 u(a:l,x2) = 14400
| — T2 = 10 1f O 21 < 40 and 25 < 600 — 621
400 | ‘ ‘
805 z
200 &
s 7600
. . T1:0g 80
} % | | ’ } T2:rise
20 40 60 80 100 120 Tliog 1000 2:
A bundle
(50, 300)

even though optimal, is outside the budget set. We need to replace it with the one closest to optimal.

The maximum achievable value for good 1 is
Ir1 = 40

we just need to find x; using the budget line

Ty =40 = I =40
61 + 22 =600 6 x40 +x9 =600
r, = 40
=
z9 =600 — 240

ry = 40
=
T2 = 360

16
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Question 2

Family A and family B have to decide how much of their monthly income to spend on rice and how much on
other goods.
Let us measure the quantity of other goods in dollar and hence set the price of “other goods” equal to $1.
Both families face the same economic circumstances.

— They both have a monthly income of $600 and face same price of rice of $6 per kilogram.

— Furthermore, both families live in the same country where the government has introduced a cap on the

amount of rice that can be purchased monthly.

— In particular, each family is allowed to buy a maximum of 40 kg of rice per month.

In what follows let x; denote the quantity of rice and xo the quantity of other goods.

Assume that the tastes of family A are described by utility function
ua(@1,22) = 122
Where the tastes of family B are described by utility function

up(z1, ) = ar:i/‘lzzzz/4

Given the utility function of family B, we have that for family B marginal utilities read:
MU, = -m;"’/“ o

and

MU, = §x1/4 e

Find the optimal bundle chosen by family B
Show the optimal bundle on the graph above together with the indifference curve to which it belongs.

Answer to 2.c

Then marginal utilities of a function

are

up(ry1,x2) = xi/‘l o

Ou(xy,xs) _ axiﬂxzﬂ Ou(xy,x2) _ 6x1/4ac;/4
5':171 6:81 (91‘2 8552
_3/4 3/4 3 1/4 _1/4
= 4 Ly le Lo

It follows directly from the rules of differentiation, e.g.

17
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4
dx

where ¢,n € R, i.e. just numbers

(cz™) = nea™™

1

6 1 3 3 1 —1
0 1o (551/4 x2/4) =1 l"l/4 & 5
~—~— c Fag M c  gn-l
x

where x1, which otherwise is a variable, is treated as a number

and d is replaced with 0 just to remind us about it

18
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The demand functions are characterized by

MRS(CCl,.IQ) == o
p1T1 +p2x2 =1

For the utilities function

with parameters

p1 =206
p2 =1
I =600
we have
. Ou(z1,x2)/0x1
MRS(x1,22) —_% - _m __%
p1x1 + poxe =1 P1T1 + Paka =
Yoy Vel 6
={ g/l T
6xy +1lza =600
z3/4a:1/4
i =6
= Ty Iy
6x1 + 2o = 600
3/44+1/4
_142, = —6
- 4éri/4+3/4
6x1 + x2 = 600
= R
6x1 +x2 =600
6x1 +x2 =600
X9 = 18%1
=
6x1 +x2 =600
o = 181’1
=
6x1 + 18x; =600
N To = 182,
24.’171 = 600
N xro = 18x;
{L‘l == 25
To =18 x 25
=
xl = 25
1'2 == 450
=
$1 = 25

19
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600 L2 [ 21 < 40 and 5 < 600 — 64
--- $2§600—6(E1
....... Tg = 1315.8/5, /3
400 |
200 | R
: . T1:0g
40 60 80 100 120

20

T

A
’7 u(z1,72)
— u(xy,xe) = 191.682

X z1 < 40 and z2 < 600 — 621

A

600

400

200

O 2 p—
80 1000 T2:rise

T1:0g

20
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Question 2 Checklist

Family A and family B have to decide how much of their monthly income to spend on rice and how much on
other goods.

Let us measure the quantity of other goods in dollar and hence set the price of “other goods” equal to $1.

e Both families face the same economic circumstances.

— They both have a monthly income of $600 and face same price of rice of $6 per kilogram.

— Furthermore, both families live in the same country where the government has introduced a cap on the
amount of rice that can be purchased monthly.

— In particular, each family is allowed to buy a maximum of 40 kg of rice per month.

In what follows let x; denote the quantity of rice and zs the quantity of other goods.

Assume that the tastes of family A are described by utility function

ua(z1,22) = 2129

Where the tastes of family B are described by utility function

up(zy, ) = xi/4:zzz/4

e Provide a graphical representation of the choice set of family A and family B.

e Place x1 on the horizontal axis and x9 on the vertical.

e Given the utility function of family A, we have that for family A marginal utilities read:
M U1 = X2

and
MU2 =2

e Find the optimal bundle chosen by family A.

e Show the optimal bundle on the graph above together with the indifference curve to which it belongs.

e Given the utility function of family B, we have that for family B marginal utilities read:
_ 1 e
MU, = 75 2

and .
]\4[]2 — 131,1/4%‘271/4

e Find the optimal bundle chosen by family B.

e Show the optimal bundle on the graph above together with the indifference curve to which it belongs.

21
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Question 3

e Suppose a consumer has tastes described by the following utility function:

u(zy, o) = 3x1 + 29

e If prices are

p1=1
and

p2 =1
and income is

I=90

what is the optimal bundle chosen by the consumer?
Provide a graphical representation of
e the choice set,
e indifference curves,
e and optimal bundle

e (place x1 on the horizontal axis and x2 on the vertical).

Answer to 3.a

Then marginal utilities of a function

u(xy, 2) = 3x1 + 22

are

ou(xy, x2) _ 0(3z1 + x2) ou(xy, x2) _ 0(3x1 + x2)

or o0x1 Oz Oz

It follows directly from the rules of differentiation, e.g.

d
—(e1+c22) =042 (31 + 29 )=_1

dx 0 Ta —~~ ~~ ~~
. . ~~ ¢ (% Cc2
where ¢ € R, i.e. just numbers x

where x1, which otherwise is a variable, is treated as a number

and d is replaced with 0 just to remind us about it

22
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The demand functions are characterized by

MRS($1,$2) = B

p1xy +poxe =1

For the utilities function

with parameters

p1=1
p2 =1
I1=90
{ MRSy ) = —f { -SEERE =k
piry +pexe =1 P17 + Paa =17

-3 — _%
=
1l +1xs =90

Must be a corner solution!

23
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For the utilities function

with parameters

pr=1
p2 =1
I1=90
You clearly need to spend all $90 on x;
Otherwise note
ou(xy,x2)/0xq D1 1
MRS (1, = e A -
(1, 22) Ou(zy,x2)/0xs D2 1
3 .
1
=-3

You are willing to give three x5 for a unit of z;, whereas market exchange x2 on x; on one-on-one base

24
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Indifference curve on which the bundle (90,0) is located a collection of z; and x5 that give the following level of utility

u(zy, z2)
(90,0)

thus, an indifference curve is

=3(90) + (0) = 270

To = 270 — 3:1?1

whereas a budget line as a function of x»

132:90—1‘1

250 1

200 1

150

100

50 1

20 40 60 80 100

200

100

[z, y)

100

~
80 1000 4

for a comparison

Q u(zy,22)

— u(z1,x2) =270
P1T1 + paxe =1

A ERYj

400

100

40

60 go Zo

o 1000

cf. the surface is tilted towards x;
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Question 3 Checklist

e Suppose a consumer has tastes described by the following utility function:

u(zy,x2) = 31 + X9

e If prices are

p1 =1
and

p2 =1
and income is

I1=90

what is the optimal bundle chosen by the consumer?
Provide a graphical representation of

e the choice set,

indifference curves,

and optimal bundle

(place x1 on the horizontal axis and z on the vertical).
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Question 4

Suppose a consumer has tastes described by the following utility function:

u(zy, x2) = min(2x7, xs)

If

p1 =33
and

po = $2
and income is

I=2%14

what is the optimal bundle chosen by the consumer? Provide a graphical representation of the choice set, indifference

curves, and optimal bundle (place z; on the horizontal axis and zs on the vertical).

Answer to 4

Marginal utilities of a function
2@ if 221 < a9
u(xy, xe) = min(2xq, x2) =
Ty  if 2x1 > 29

note that function is not differentiable at

2.’E1 = X2

it is, however, differentiable at other points in the following unusual manner

Ou(xy,x2)  Omin(2zy,x0) Ou(xy,x2)  Omin(2w1, x9)
dry Oxq dryg Oz
- 2 if2xq < w9 _ 0 if 2z < @9
0 if2x1 > 29 1 if 221 > 29

Also, you don’t need to know how to differentiate a function with min{-} this is just FYI
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For the utilities function

u(xy, xe) = min(2zq, x2)

with parameters

p1=3
p2 =2
I1=14
an optimal bundle always has
2171 = X9

to find a demand functions this information has to be combined with the budget line

221 = 22 N 211 = 9
P1T1 +paxe =1 314+ 22, =14

2I1 = T
=

Ty = 4
=
r, = 2
Graphically
Zo 3 0%
T N P 2o =T — (351/2) p171 + para =1
— min{2z, 22} =4 i
10 | — min{2zy,202} =8
8 1
6 1
4 1
2 1
1
2 4 6 8 10
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Question 4 Checklist

Suppose a consumer has tastes described by the following utility function:

u(ry, x2) = min(2x;, x2)

If

p1 =83
and

po = $2
and income is

I=29%14

what is the optimal bundle chosen by the consumer? Provide a graphical representation of the choice set, indifference

curves, and optimal bundle (place z; on the horizontal axis and x5 on the vertical).
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